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a b s t r a c t
In this article we generalize the results of Chacron et al. (1995) [4] concerning the
computation of the discriminants of involutions of the first kind on central division algebras
over Henselian valued fields of residue characteristic different from 2.We prove analogous
results for orthogonal involutions on tame central simple algebras with simple residue
algebras over a wide class of Henselian valued fields of arbitrary residue characteristic (see
Corollary 2.18).
© 2011 Elsevier B.V. All rights reserved.
Chacron et al. determined in [4] the discriminant of an involution of the first kind on a central division algebra over a
Henselian valued field of residue characteristic different from 2 in terms of residue information (see [4, Theorem 4, p. 69]).
Recently Tignol and Wadsworth defined in [15] tame gauges on central simple algebras which generalize tame valuations
on central division algebras over Henselian fields. A natural question is then to see whether we can extend the results of
[4] to the case of an orthogonal involution on a central simple algebra with a tame gauge. To answer this question, in this
article we restrict our interest to the case where the base field is a Henselization of the quotient field of a graded field and
where the involution satisfies a strong compatibility condition (see (2.2)). We prove that in this case, for arbitrary residue
characteristic (not necessarily different from 2), we can extend [4, Theorem 4, p. 69] to any central simple algebra with a
tame gauge and with a simple ‘residue algebra’ (see Definition 1.11 and Corollary 2.18).
We recall below necessary definitions and results that we will use in this article.
We make it precise that all rings considered in this work are assumed to be associative with a unit and that all free
modules, except when otherwise mentioned, are assumed to be finite-dimensional.
Let F be a ring and Γ a totally ordered abelian group. We say that F is a graded ring of type Γ if there are subgroups Fγ
(γ ∈ Γ ) of F such that F = ⊕γ∈Γ Fγ and Fγ Fδ ⊆ Fγ+δ , for all γ , δ ∈ Γ . In this case, the set ΓF = {γ ∈ Γ | Fγ ≠ {0}} is
called the support of F .
If F is a graded ring of typeΓ and x ∈ Fγ for some γ ∈ ΓF , thenwe say that x is a homogeneous element of F . In particular,
if x is a nonzero element of Fγ , we say that x has grade γ and we write gr(x) = γ . We denote by F∗ the set of invertible
homogeneous elements of F . We say that F is a graded field if F is a commutative graded ring and all nonzero homogeneous
elements of F are invertible.
Let F be a graded field of type Γ and A be a (left) F-module such that A = ⊕γ∈Γ Aγ , where Aγ are subgroups of A, and
FλAγ ⊆ Aλ+γ for all λ, γ ∈ Γ ; then we say that A is a graded (left) F-module (or a graded vector space over F ). If in addition
A is a ring and Aγ Aδ ⊆ Aγ+δ for all γ , δ ∈ Γ , then we say that A is a graded algebra over F . In this case, if I is an ideal of A
such that I = ⊕γ∈Γ (I ∩ Aγ ), then we say that I is a graded ideal of A. Graded algebras over F [resp., commutative graded
algebras over F ] for which nonzero homogeneous elements are invertible are called graded division algebras over F [resp.,
graded field extensions of F ]. We say that a graded field extension K of F is totally ramified over F if [K : F ] = (ΓK : ΓF )
(where (ΓK : ΓF ) is the cardinality of the quotient group ΓK/ΓF ), and we say that it is inertial over F if [K : F ] = [K0 : F0]
and K0 is separable over F0.
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If F is the center of a graded division algebra A, then A is called a graded central division algebra over F . Note that because
Γ is totally ordered and all nonzero homogeneous elements of A are invertible, then A is a domain, so we can consider its
quotient algebra (i.e., the algebra of central quotients of A) that we denote by q(A). It is clear that q(A) coincides with the
quotient field of Awhen A is a graded field extension of F .
Let F be a graded field, and let A and B be two graded F-algebras (of the same typeΓ ), λ be an element ofΓ and f : A → B
be an F-algebra homomorphism. We say that f is a graded F-algebra homomorphism of grade λ if for any γ ∈ Γ , we have
f (Aγ ) ⊆ Bγ+λ. If f is a bijective graded F-algebra homomorphism of grade 0, then we say that f is a graded F-algebra
isomorphism and we write A ∼=g B. If in addition A = B, we say that f is a graded F-algebra automorphism of A. If f and g
are graded automorphisms of A, then we denote by fg the graded automorphism of A defined by a → f (g(a)) for all a ∈ A.
We use the same terminology and notation when considering A and B only as graded modules over F .
If F is a graded field and A is a graded central algebra over F such that A has no graded two-sided ideals but {0} and A,
then we say that A is a graded central simple algebra over F . As in the ungraded case, there is a ‘graded’ Brauer group GBr(F)
of F with respect to which every graded central simple algebra A over F is (graded) Brauer-equivalent to a graded central
division algebra over F which is unique to a graded algebra isomorphism. For a graded central simple algebra A over F , we
extend the above notation and we denote by q(A) the central simple q(F)-algebra A⊗F q(F).
LetD be a division ring and (as above)Γ be a totally ordered abelian group. Let∞ be an element of a set strictly containing
Γ with∞ /∈ Γ ; extend the order on Γ to Γ ∪ {∞} by setting γ <∞ for all γ ∈ Γ , and let γ +∞ =∞+∞ =∞. A map
v : D → Γ ∪ {∞} is called a valuation on D if it satisfies the following conditions (for all c, d ∈ D):
(0.1) v(c) = ∞ if and only if c = 0;
(0.2) v(cd) = v(c)+ v(d);
(0.3) v(c + d) ≥ min{v(c), v(d)}.
We recall that if F is a graded field and A is a graded division algebra over F , then to the graded structure of A there
corresponds a canonical valuation on q(A), defined by v(a) = gr(a) for any a ∈ A∗ (see [3, Section 4], or [8, Section 4, pp.
94–95]). We will usually denote the restriction of v to q(F) also by v, and we will denote by (q(F)h, vh) a Henselization of
(q(F), v) (see [5, Section 16]). We set q(A)h := q(A)⊗q(F) q(F)h.
Let E be a field and v be a valuation on E. Then, the filtration of E induced by v yields a canonical graded field GE. Namely,
let Eγ = {x ∈ E | v(x) ≥ γ }, E>γ = {x ∈ E | v(x) > γ }. Obviously, E>γ is a subgroup of the additive group Eγ . So, we can
define the quotient group GEγ = Eγ /E>γ . For x ∈ E\{0}, we denote by x′ the element x+ E>v(x) of GEv(x). One can easily see
that the additive group GE = ⊕γ∈Γ GEγ endowed with the multiplication law defined by x′y′ = (xy)′ is a graded field.
In the same way, if D is a valued division algebra over a field E, then the filtration of D by the principal fractional ideals
yields a graded division algebra GD over GE (see [3, Section 4], or [8, Section 4]).
A valued division algebra Dwith valuation v over a field E is called defectless (over E) if [D : E] = [D : E](ΓD : ΓE), where
[D : E] [resp., (ΓD : ΓE)] is the residue degree [resp., ramification index] of D over E. We say that D is totally ramified over E
if [D : E] = (ΓD : ΓE). It is called unramified [resp., inertial] over E if [D : E] = [D : E] [resp., if D is unramified over E and
Z(D) is separable over E]. If E is the center of D, then D is called semiramified (over E) if it is defectless over E, D is a field
and [D : E] = (ΓD : ΓE). Finally, if E is the center of D and there is an inertial field extension of E which splits D, then we say
that D is inertially split.
Let D be a valued division algebra over a field E and let Aut(Z(D)/E) be the group of E-automorphisms of Z(D); then the
map θD : ΓD/ΓE → Aut(Z(D)/E), defined by γ + ΓE → θD(γ + ΓE) : a¯ → dad−1 (d being an arbitrary element of D∗ such
that v(d) = γ , where v is the valuation of D), is a surjective group homomorphism (see [9, Proposition 1.7]). We call it the
canonical group epimorphism associated with D. If E is a Henselian valued field, D is defectless over E, Z(D) is separable over
E and the characteristic of E does not divide the cardinality of the kernel of θD, then we say that D is tame over E. We recall
that the set TBr(E) = {[D] ∈ Br(E) | D is a tame central division algebra over E} is a subgroup of the Brauer group Br(E) of
E; we call it the tame part of Br(E).
Let F be a graded field, D be a graded central division algebra over F and consider on q(F) [resp., on q(D)] its canonical
valuation (corresponding to the graded structure of F [resp., of D]). Then, we can identify F with Gq(F) [resp., with G(q(F)h)]
and D with Gq(D) [resp., with G(q(D)h)] via the map defined by x → x′, for any homogeneous element x. Hence, by
[2, Corollary 4.4] q(D)h is tame over q(F)h. As for the (tame) valuative case, for any graded central division algebra D over F ,
Z(D0)/F0 is an abelian field extension and the map θD : ΓD/ΓF → Aut(Z(D0)/F0), defined by gr(d)+ΓF → σ : a → dad−1,
for any d ∈ D∗ and a ∈ Z(D0), is a surjective group homomorphism (see [2, Proposition 2.4] and note that for any x ∈ F∗,
d ∈ D∗ and a ∈ Z(D0), we have (dx)a(dx)−1 = dad−1; or see [8, (2.2), p. 86 and Proposition 2.3, p. 88]). In the same
way as above, we say that D is inertial over F if [D : F ] = [D0 : F0] and Z(D0) is separable over F0, and we say that D is
inertially split if there is an inertial graded field extension of F which splits D. We say that D is semiramified if D0 is a field
and [D0 : F0] = (ΓD : ΓF ) (=deg(D)).
Now, let (D, v) be a valued division ring and letM be a (right) D-vector space. A function w : M → Γ ∪ {∞} is called a
D-value function (or a v-value function) if it satisfies the following conditions (for allm, n ∈ M and d ∈ D):
(0.4)w(m) = ∞ if and only ifm = 0;
(0.5)w(md) = w(m)+ v(d);
(0.6)w(m+ n) ≥ min{w(m), w(n)}.
Like in the construction of GD above, if w is a D-value function, then we associate with M a graded GD-module that we
denote by GwM (or just GM). In this case a base (mi)ni=1 ofM over D is called a splitting base if for any elements d1, . . . , dn of
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D, we havew(
∑n
i=1 midi) = min{w(mi)+ v(di) | 1 ≤ i ≤ n}. If such a base exists, we say thatw is a D-norm (or a v-norm).
We recall thatw is aD-norm if and only if [GM : GD] = [M : D]; furthermore, if this occurs, then (m′i)ni=1 is a base of GM over
GD, wherem′i = mi + GMα(mi) (see [13, Corollary 2.3] or [15, Proposition 1.1]). IfM and N are two (right) D-vector spaces, α
is a D-norm on M , β is a D-norm on N , and f : M → N is a homomorphism of D-vector spaces such that β(f (m)) = α(m)
for allm ∈ M , then there is a graded homomorphism (of grade 0):
(0.7) f ′ : GM → GN such that f ′(m′) = f (m)′ for allm ∈ M (see [13, (2.10), p. 112]).
Let (E, v) be a valued field and let A be an E-algebra. A function α : A → Γ ∪ {∞} is called a surmultiplicative E-value
function if it satisfies the following conditions (for all a, b ∈ A and e ∈ E):
(0.8) α(a) = ∞ if and only if a = 0;
(0.9) α(1) = 0;
(0.10) α(ea) = v(e)+ α(a);
(0.11) α(a+ b) ≥ min{α(a), α(b)};
(0.12) α(ab) ≥ α(a)+ α(b).
We recall that if α is an E-norm on A with a splitting base (ai)i∈I , then condition (0.12) is equivalent to the fact that
α(aiaj) ≥ α(ai)+ α(aj), for all i, j ∈ I [15, Lemma 1.2].
If α is a surmultiplicative E-value function, then the graded GE-module GA is a graded GE-algebra for the multiplication
law defined (for all nonzero elements a, b of A) by:
(0.13) a′b′ = (ab)′ if α(ab) = α(a)+ α(b) and a′b′ = 0 otherwise (see [15, (1.5), p. 691]).
Ifα is a surmultiplicative E-value function onA, thenα is called an E-gauge if it is an E-normandGA is a graded semisimple
GE-algebra. If in addition Z(GA) = G(Z(A)) and Z(GA) is separable over GE, then we say that α is a tame E-gauge.
Let E be a field with a valuation v, A be an E-algebra, α a surmultiplicative E-value function that is also an E-norm on A
and f an E-algebra automorphism of A such that for any a ∈ A, α(f (a)) = α(a); then it follows by (0.7) and (0.13) that f
induces a graded GE-algebra automorphism f ′ : GA → GA, such that f ′(a′) = f (a)′ for all a ∈ A.
We recall that if E is a field with a valuation v and D is a division algebra over E with a valuationw extending v, then by
[15, Proposition 1.12]w is an E-gauge if and only if D (endowed withw) is defectless over E; furthermore when this holds,
w is a tame v-gauge if and only if Z(D) is separable over E and char(E) does not divide |ker(θD)|, where θD is the canonical
epimorphism associated with D. In particular, if (E, v) is a Henselian valued field, then the unique extension of v to D is a
tame E-gauge if and only if D is a tame division algebra over E.
1. Generalities
In this section, we prove some general results that will be needed in this article. In particular, we prove that if K/F is
a finite-dimensional graded field extension, B is a graded K -algebra and C = B ⊗F q(F), then there is a surmultiplicative
q(K)-value function α on C which is uniquely defined by α(b) = gr(b) for any nonzero homogeneous element b of B;
moreover if in addition B is a graded central simple K -algebra, then α is a tame q(K)-gauge and we can identify B with
GC (see Proposition 1.4). We prove also that if F is a graded field, (q(F)h, vh) is a Henselization of (q(F), v), where v is the
canonical valuation of q(F) (see the preliminaries), and A is a tame central simple algebra over q(F)h (see Definition 1.8),
then there exists a graded central simple algebra S over F such that A = q(S)h (see Proposition 1.10).
We begin this section by recalling the definition of the generalized (graded) crossed product which we will use to show
some main results in this article. These algebras were used by Jacob and Wadsworth in [9] to study inertially split division
algebras over a Henselian valued field, and recently they were used by the author in [11] to give necessary and sufficient
conditions for the existence of Kummer subfields in central division algebras over Henselian fields of residue characteristic
not dividing the degree. We will show in this article that if A is a graded simple algebra with simple 0-component, then A
is a generalized graded crossed product (see Lemma 2.4). This lemma can be used to generalize many results in [11]. It will
also allow us to show that if A is an inertially split graded simple algebra with A0 simple, and if A has a graded involution of
the first kind σ with restriction σ|A0 to A0 also of the first kind, then σ and σ|A0 have the same type (see Proposition 2.8 and
Lemma 2.12).
(1.1) Let M be a field and A a central simple algebra over M . We denote by A∗ the group of invertible elements of A and by
Aut(A) the group of ring automorphisms of A. For any c ∈ A∗, we denote by Int(c) the ring automorphism of A defined by
a → cac−1. Let H be a finite group that acts by automorphisms onM and let ω : H → Aut(A) and f : H × H → A∗ be two
maps. For any σ ∈ H , we denote by ωσ the image of σ under ω and we write ωσωτ for the composition map defined by
ωσωτ (a) = ωσ (ωτ (a)), for any a ∈ A. We say that (ω, f ) is a factor set of H in A if the following conditions are satisfied:
(1) ωσ (a) = σ(a) for all a ∈ M and σ ∈ H ,
(2) ωσωτ = Int(f (σ , τ ))ωστ for all σ , τ ∈ H ,
(3) f (σ , τ )f (στ , µ) = ωσ (f (τ , µ))f (σ , τµ) for all σ , τ , µ ∈ H .
If (ω, f ) is a factor set of H in A, then we define the generalized crossed product associated with (ω, f ) to be the algebra
(A,H, (ω, f )) = ⊕σ∈HAxσ , where xσ are independent indeterminates on A satisfying the followingmultiplicative conditions
(for all σ ∈ H and a ∈ A):
(4) xσ a = ωσ (a)xσ , and
(5) xσ xτ = f (σ , τ )xστ .
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Let (ω, f ) and (β, h) be two factor sets of H in A. We say that (ω, f ) and (β, h) are cohomologous if there is a family
(aσ )σ∈H of elements of A∗ such that for all σ , τ ∈ H , βσ = Int(aσ )ωσ and h(σ , τ ) = aσωσ (aτ )f (σ , τ )a−1στ . We write in
this case (ω, f ) ∼ (β, h). The relation ∼ is an equivalence relation on the set of factor sets of H in A. We denote the set of
equivalence classes byH(H, A∗). If A = M is a Galois field extension of some field E and H = Gal(M/E), thenH(H, A∗) is the
second Galois cohomology group H2(H,M∗).
Now, let M be a graded field, A be a graded central simple algebra over M , A∗ the group of invertible homogeneous
elements of A, H a finite group that acts onM by graded automorphisms (of grade 0), and Aut(A)0 the group of graded ring
automorphisms (of grade 0) of A. In the same way as above, if ω : H → Aut(A)0 and f : H × H → A∗ are two maps
that satisfy the conditions (1)–(3) above, we say that (ω, f ) is a graded factor set of H in A. The corresponding generalized
graded crossed product (A,H, (ω, f )) is defined also in the sameway: (A,H, (ω, f )) = ⊕σ∈HAxσ , where xσ are independent
indeterminates on A satisfying the multiplicative conditions xσ a = ωσ (a)xσ and xσ xτ = f (σ , τ )xστ for all a ∈ A and
σ , τ ∈ H . We recall that there is a unique graded algebra structure on (A,H, (ω, f ))which extends the grading of A and for
which xσ are homogeneous elements [11, Lemma 1.2].
(1.2) Let K/F be a finite-dimensional Galois graded field extension with Galois group G, B be a graded central simple K -
algebra and (ζ , g) be a graded factor set of G in B. Let v be the canonical valuation of q(F), let (q(F)h, vh) be a Henselization
of (q(F), v), and let q(B) = B⊗F q(F) and q(B)h = B⊗F q(F)h. (Note here that the notation q(B) = B⊗F q(F) is consistent
with the one used in the preliminaries, because B ⊗F q(F) ∼= B ⊗K q(K) as q(K)-algebras, where q(K) is identified with
K ⊗F q(F)). For any σ ∈ G, we define q(ζσ ) = ζσ ⊗ idq(F) : q(B)→ q(B) and qh(ζσ ) = ζσ ⊗ idq(F)h : q(B)h → q(B)h. Let
q(ζ ) : G −→ Aut(q(B))
σ → q(ζσ )
and
qh(ζ ) : G −→ Aut(q(B)h)
σ → qh(ζσ ).
Then (q(ζ ), g) is a factor set of G in q(B) and (qh(ζ ), g) is a factor set of G in q(B)h. Moreover, up to an algebra isomorphism,
we have (B,G, (ζ , g))⊗F q(F) = (q(B),G, (q(ζ ), g)) and (B,G, (ζ , g))⊗F q(F)h = (q(B)h,G, (qh(ζ ), g)).
Proposition 1.3. Let K/F be a finite-dimensional Galois graded field extension with Galois group G, B be a graded central simple
algebra over K and (ζ , g) be a graded factor set of G in B. Then, (B,G, (ζ , g)) is a graded central simple algebra of degree
[K : F ]deg(B) over F , and B is the centralizer of K in (B,G, (ζ , g)).
Proof. By [8, Theorem 3.11] q(K)/q(F) is a Galois field extension with Galois group G (up to a group isomorphism).
Moreover, by [2, Proposition 5.1] B is an Azumaya algebra (over K ), so q(B) is a central simple q(K)-algebra; hence by
[14, Theorem 1.3(a)], (q(B),G, (q(ζ ), g)) is a central simple algebra of degree [q(K) : q(F)]deg(q(B)) over q(F). As seen
in (1.1) (B,G, (ζ , g)) can be endowed with a graded algebra structure extending that of B. Furthermore, by (1.2) we have
(B,G, (ζ , g)) ⊗F q(F) = (q(B),G, (q(ζ ), g)). It follows that F is the center of (B,G, (ζ , g)). Indeed, let Z be the center
of (B,G, (ζ , g)); then clearly F ⊆ Z , and moreover by identifying Z with its canonical image in (B,G, (ζ , g)) ⊗F q(F)(∼=
(q(B),G, (q(ζ ), g))), we have Z ⊆ q(F), and hence Z = F (because F is integrally closed; see [7, Corollary 1.3]). So,
(B,G, (ζ , g)) is a graded central simple F-algebra of degree [K : F ]deg(B) (because [q(K) : q(F)] = [K : F ] and
deg(q(B)) = deg(B).) It remains to show that B is the centralizer of K in (B,G, (ζ , g)).
We have (q(B),G, (q(ζ ), g)) = (B,G, (ζ , g))⊗F q(F) (up to an algebra isomorphism), so
(1.a) [(B,G, (ζ , g)) : F ] = [(q(B),G, (q(ζ ), g)) : q(F)].
Moreover, by [14, Theorem 1.3(a)] q(B) is the centralizer of q(K) in (q(B),G, (q(ζ ), g)); hence by the double-centralizer
theorem [12, Theorem, p. 232], we have [q(K) : q(F)][q(B) : q(F)] = [(q(B),G, (q(ζ ), g)) : q(F)], so by (1.a)we have
(1.b) [(B,G, (ζ , g)) : F ] = [q(K) : q(F)][q(B) : q(F)] = [K : F ][B : F ].
On the other hand, if we denote by C(B,G,(ζ ,g))(K) the centralizer of K in (B,G, (ζ , g)), then by the graded version of the
double-centralizer theorem (see [8, Proposition 1.5]), we have
(1.c) [(B,G, (ζ , g)) : F ] = [K : F ][C(B,G,(ζ ,g))(K) : F ].
Hence, by (1.b) and (1.c), we have [B : F ] = [C(B,G,(ζ ,g))(K) : F ]. Therefore, B = C(B,G,(ζ ,g))(K) (because B ⊆ C(B,G,(ζ ,g))(K)
and both algebras have the same dimension over F ). 
Proposition 1.4. Let K/F be a finite-dimensional graded field extension, B be a graded K-algebra and C = B ⊗F q(F). Then
there is a surmultiplicative q(K)-value function α on C which is uniquely defined by α(b) = gr(b) for any nonzero homogeneous
element b of B (when we identify B with its canonical image in C). If in addition B is a graded central simple K-algebra, then
C = q(B) (up to an algebra isomorphism), and α is a tame q(K)-gauge on q(B). Furthermore, in this case we can identify B with
Gq(B) (by the correspondence defined by b → b′ for all homogeneous elements b of B).
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Proof. For any nonzero homogeneous element b of B, let α(b) = gr(b); also for any nonzero element u = u1 + · · · + un of
B, where ui (1 ≤ i ≤ n) are nonzero homogeneous elements of B with gr(ui) pairwise distinct, let α(u) = min{gr(ui)|1 ≤
i ≤ n}. One can easily see that any element of C can be written in the form x = u ⊗ s−1, where u ∈ B and s ∈ F\{0}.
Assume that x ≠ 0 and that we have also x = w ⊗ t−1, for some w ∈ B and t ∈ F\{0}; then tu = sw, so
α(tu) = α(sw). Since every nonzero homogeneous component of t [resp., of s] is invertible, then α(tu) = v(t) + α(u)
and α(sw) = v(s) + α(w), where v is the canonical valuation of q(F) corresponding to the graded structure of F (see the
preliminaries), so α(u) − v(s) = α(w) − v(t). Therefore, we can set α(x) = α(u) − v(s) for x ≠ 0 and α(0) = ∞. If we
identify q(K)with K ⊗F q(F), one can easily see that α is a surmultiplicative q(K)-value function on C , and it is clear that α
is uniquely determined by the condition α(b) = gr(b) for any nonzero homogeneous element b of B.
Now, if B is a graded central simple K -algebra, then C = B⊗F q(F) ∼= B⊗K q(K) = q(B). Let (bi)i∈I be a base of B over K ,
where all bi (i ∈ I) are homogeneous elements (we recall that such a base always exists—indeed it is easy to check that any
maximal K -linearly independent subset of homogeneous elements of B is actually a base; see also [1, Theorem 3, p. 29]);
then (bi)i∈I is also a base of q(B) over q(K). More precisely, (bi)i∈I is a splitting base of q(B) over q(K). Indeed, let fi (i ∈ I)
be elements of q(K) not all equal to zero, and let x = ∑i∈I fibi. We have to show that α(x) = min{v(fi) + α(bi) | i ∈ I}
(we use the same notation v here to denote the canonical valuation of q(K)). Note that any element of K ⊗F q(F) can be
written in the form a ⊗ b for some a ∈ K and b ∈ q(F)∗; moreover if we identify q(K) with K ⊗F q(F), then we can write
fi = ai ⊗ b (with the same b for all i), so by using the fact that α is a surmultiplicative value function, we can assume that
fi ∈ K for all i ∈ I . Let δ = min{v(fi) + α(bi) | i ∈ I}(= min{v(fi)+gr(bi) | i ∈ I}). For any i ∈ I such that fi ≠ 0, let f mi be
the nonzero homogeneous component of fi of minimal grade; let also I ′ = {i ∈ I | fi ≠ 0 and gr(f mi )+gr(bi) = δ}, and let
y =∑i∈I ′ f mi bi; then y is the nonzero homogeneous component of minimal grade of x, so α(x) = gr(y) = δ. This shows that
α is a q(K)-norm on q(B).
Since (bi)i∈I is a splitting base of q(B) over q(K), then by [13, Corollary 2.3] Gq(B) = ⊕i∈IGq(K)b′i . If we identify K with
Gq(K) by means of the map defined by x → x′ for any homogeneous element x of K , then we can consider Gq(B) as a
graded K -algebra, and there is a graded K -algebra homomorphism (of grade 0) φ : B → Gq(B), defined by φ(b) = b′ for any
homogeneous element b of B. It is clear that φ is surjective (because Gq(B) = ⊕i∈IGq(K)b′i); moreover since α is a q(K)-norm
on q(B), then [Gq(B) : Gq(K)] = [q(B) : q(K)] = [B : K ], and hence φ is a graded K -algebra isomorphism. Therefore, α is a
tame q(K)-gauge. 
Definition 1.5. Let K be a graded field and B be a graded central simple algebra over K ; then the tame q(K)-gauge α of q(B)
defined by α(b) = gr(b) for all homogeneous elements b of B (see Proposition 1.4) will be called the canonical tame q(K)-
gauge of q(B). Obviously, we abuse the word ‘canonical’ because α in Proposition 1.4 depends on the order of the grading set
ΓB.
Remark 1.6. Let K be a graded field, B a graded central simple K -algebra, α the canonical tame q(K)-gauge of q(B), v the
canonical valuation of q(F), (q(F)h, vh) a Henselization of (q(F), v), and q(B)h = B ⊗F q(F)h; then by [15, Corollary 1.26],
the map α⊗ vh which is uniquely defined on q(B)h (=q(B)⊗ q(F)h) by α⊗ vh(x⊗ y) = α(x)+ vh(y), for any x ∈ q(B) and
y ∈ q(F)h, is a tame q(K)h-gauge on q(B)h (we identify here q(K)h with K ⊗F q(F)h).
(1.7) Let E be a field with a valuation v, and A1 and A2 be two central simple algebras over E with tame gauges α1 and α2,
respectively. Then, by [15, Corollary 1.28] there is a tame E-gauge α1 ⊗ α2 on A1 ⊗E A2 such that for any a1 ∈ A1 and
a2 ∈ A2, α1 ⊗ α2(a1 ⊗ a2) = α1(a1) + α2(a2), and there is a graded isomorphism of GE-algebras φ : Gα1⊗α2(A1 ⊗E A2)→
Gα1A1 ⊗GE Gα2A2 which satisfies φ((r ⊗ s)′) = r ′ ⊗ s′ for any r ∈ A1 and s ∈ A2 (see also [15, Proposition 1.23]).
Definition 1.8. Let (E, v) be a Henselian valued field, A a central simple algebra over E and D a central division algebra over
E Brauer-equivalent to A. We say that A is tame (over E) if D is tame over E.
In particular, if the residue characteristic of E does not divide ind(A), then A is tame.
(1.9) Let (E, v) be a Henselian valued field and A a tame central simple algebra over E. We claim that there is a tame E-
gauge on A. Indeed, let D be a central division algebra over E Brauer-equivalent to A. Let V be a right D-vector space such
that A ∼= EndD(V ) and let {x1, . . . , xr} be a base of V over D. Let Γ be a totally ordered abelian group containing ΓD;
choose elements γ1, . . . , γr of Γ , and let β : V → Γ be the map defined, for any family d1, . . . , dr of elements of D,
by β(
∑r
i=1 xidi) = min{γi+w(di) | 1 ≤ i ≤ r}, wherew is the unique extension of v to D; then as indicated in [13] (see the
paragraph before [13, Definition 2.1, p. 109]), β is a D-value function on V . Moreover, by definition β is a D-norm. Now, let
us identify Awith EndD(V ) and let α : EndD(V )→ Γ be the map defined by α(f ) = min{β(f (x))−β(x) | 0 ≠ x ∈ V }; then
by [15, Proposition 1.19] α is a tame E-gauge on A.
Proposition 1.10. Let F be a graded field, v be the canonical valuation of q(F), (E := q(F)h, vh) be a Henselization of (q(F), v)
and A be a tame central simple algebra over E; then there is a graded central simple algebra S over F such that A = q(S)h (up to
an algebra isomorphism).
Proof. Throughout this proof we will identify F with GE. By (1.9) there is a tame E-gauge α on A, and by [15, Corollary 3.7]
GαA is a graded central simple algebra over F . Hence, also C := (GαA)op is a graded central simple algebra over F . Let
B = q(C)h; then by Remark 1.6 there is a tame E-gauge β on B. Therefore, by (1.7) there is a tame E-gauge α ⊗ β on A⊗E B
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such that Gα⊗β(A ⊗E B) ∼=g GαA ⊗F GβB. Furthermore, by [15, Corollary 1.26] and Proposition 1.4, we have GβB ∼=g C
(note here that G(q(F)h) = F up to a graded algebra isomorphism), and hence Gα⊗β(A ⊗E B) ∼=g GαA ⊗F (GαA)op which is
Brauer-equivalent to F .
Let D be a central division algebra over E Brauer-equivalent to A⊗E B. Then, by [15, Corollary 3.7] Gα⊗β(A⊗E B) is Brauer-
equivalent to GwD, wherew is the unique valuation of D extending vh. Therefore, GwD = F . Since D is defectless over E, we
then have [D : E] = [D : E](ΓD : ΓE) = [(GwD)0 : (GE)0](ΓGD : ΓGE) = [GwD : GE] = [GwD : F ] = 1. Hence D = E.
Moreover it is clear that A and Bop have the same degree (because deg(Bop) = deg(B) = deg(C) = deg(GαA), and since α is
an E-norm, then deg(GαA) = deg(A)), so A = Bop (up to an E-algebra isomorphism). We have B = q(C)h, so Bop = q(Cop)h.
Therefore, A = q(S)h, where S = Cop. 
Definition 1.11. Under the hypotheses of Proposition 1.10, we call the 0-component S0 of S a residue algebra of A.
2. Discriminants of involutions of orthogonal type on central simple algebras with tame gauges
In this section we aim to generalize the results of [4] concerning the computation of the discriminants of involutions
of the first kind on division algebras over Henselian valued fields of residue characteristic different from 2. We prove here
analogous results for an involution of orthogonal type τ on a tame central simple algebra B over a Henselization q(F)h of the
quotient field of a graded field F (of arbitrary characteristic), when B has a simple residue algebra (see Definition 1.11) and
when τ is strongly compatible with the considered tame q(F)h-gauge of B (see (2.2) and Corollary 2.18).
Definition 2.1. Let A be a graded ring. A ring anti-automorphism σ of A (i.e., a homomorphism σ of the additive group of
A which satisfies σ(ab) = σ(b)σ (a) for all a, b ∈ A) is called a graded ring anti-automorphism of A if σ(Aγ ) = Aγ for any
γ ∈ ΓA. If in addition σ 2 = idA, then σ is called a graded involution on A.
Let F be a graded field, let A be a graded central simple algebra over F , and suppose that there is a graded involution σ
on A. As in the ungraded case, one can easily see that F is stable under σ . We say that σ is of the first kind if the restriction
σ|F of σ to F is the identity map of F . Otherwise, we say that σ is of the second kind.
(2.2) Let E be a valued field, A an E-algebra, α a surmultiplicative E-value function on A and σ an involution on A. We say
that σ is compatible with α (or that α is invariant under σ ) if ασ = α. In this case, σ induces a graded involution σ ′ on GA,
defined by σ ′(x′) = σ(x)′ for all x ∈ A.
Conversely, let K be a graded field, B be a graded K -algebra, σ be a graded involution on B, F be the graded subfield of
K elementwise invariant under σ , C = B ⊗F q(F) and q(σ ) = σ ⊗ idq(F) : C → C . We have seen in Proposition 1.4 that
there is a surmultiplicative q(K)-value function α on C defined by α(b) = gr(b) for every nonzero homogeneous element
b of B. Note that if we identify B with its canonical image in C , then α(q(σ )(b)) = α(σ(b)) = gr(σ (b)) = gr(b) = α(b).
It follows readily by the definition of α and the fact that σ preserves the grades of nonzero homogeneous elements that
for any x ∈ B, we have α(q(σ )(x)) = α(σ(x)) = α(x). Now, any element c of C may be written as x ⊗ y for some
x ∈ B and y ∈ q(F)∗, so if we denote by v the canonical valuation of q(F) associated with the graded structure of F , we
have α(q(σ )(c)) = α(σ(x)) + v(y) = α(x) + v(y) = α(c). This means that q(σ ) is compatible with α. If B is a graded
central simple K -algebra, then again by Proposition 1.4, C = q(B) and we can identify B with GC by linearly extending
the map φ : b → b′ (b being an arbitrary homogeneous element of B). Note that q(σ )′(b′) = σ(b)′ = φ(σ(b)); hence
σ = φ−1q(σ )′φ. An involution on C which can be written as q(σ ) for some graded involution σ on Bwill be called strongly
compatiblewith the tame gauge α.
In the same way and using the same notation, if B is a graded central simple K -algebra, v is the canonical valuation of
q(F), and (q(F)h, vh) is a Henselization of (q(F), v), and if we set q(B)h = B⊗F q(F)h, then as seen in Remark 1.6 α ⊗ vh is
a tame q(K)h-gauge on q(B)h. We define qh(σ ) to be the involution σ ⊗ idq(F)h on q(B)h. As above, an involution on q(B)h
which is of the form qh(σ ) for some graded involution σ on Bwill be called strongly compatible with the tame gauge α⊗vh.
We recall that if σ is a graded involution of the first kind on B, then σ is called of orthogonal type, or simply orthogonal
[resp., of symplectic type, or simply symplectic] if q(σ ) is so. As in the ungraded case, we define the following graded spaces:
Sym(B, σ ) = {b ∈ B | σ(b) = b}
Skew(B, σ ) = {b ∈ B | σ(b) = −b}
Symd(B, σ ) = {b+ σ(b) | b ∈ B}
Alt(B, σ ) = {b− σ(b) | b ∈ B}.
If char(F) ≠ 2, then obviously Sym(B, σ ) = Symd(B, σ ) and Skew(B, σ ) = Alt(B, σ ). One can easily see that
in this case Sym(q(B), q(σ )) = Sym(B, σ ) ⊗F q(F) and Skew(q(B), q(σ )) = Skew(B, σ ) ⊗F q(F), so it follows by
[10, Proposition 2.6, pp. 16–17]—applied to q(σ )—that σ is of orthogonal type if [Sym(B, σ ) : F ] = 12n(n + 1) (or
equivalently [Skew(B, σ ) : F ] = 12n(n− 1)), where n = deg(B) (=deg(q(B))).
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(2.3) Let F be a graded field and let A be a (finite-dimensional) graded central simple algebra over F . Then, as in the ungraded
case, there is a graded central division algebra D over F and a finite-dimensional graded right D-vector space V such that
A ∼=g EndD(V ). The support of V (i.e., ΓV = {γ ∈ Γ | Vγ ≠ {0}}) is clearly a union ΓV = Γ1 ∪ · · · ∪ Γs, where Γi
are (nonempty) cosets of the group ΓD. So, V has a canonical direct sum decomposition into graded D-vector subspaces:
V = ⊕si=1VΓi , where VΓi = ⊕γ∈ΓiVγ . For each coset Γi, let γi be a representative of Γi. Then, by [15, Proposition 2.1],
A0 ∼= ∏si=1 EndD0(Vγi). Hence, A0 is semisimple and all of its simple components are Brauer-equivalent to D0 (with respect
to the Brauer group Br(Z(D0))).
Let∆A = {γ = gr(x) ∈ ΓA | x is an invertible homogeneous element of A}. There is a well-defined homomorphism
θA : ∆A/ΓF → Aut(Z(A0)/F0),
which maps γ + ΓF to z → aza−1 for z ∈ Z(A0), where a is an arbitrary invertible element of Aγ .
By [15, Proposition 2.3] if A0 is simple, then ΓA = ∆A = ΓD and θA = θD. Moreover, in this case [A : F ] = [A0 : F0](ΓA :
ΓF ). In the rest of this work, we will be interested in such graded simple algebras.
Examples of graded central simple algebras with simple 0-components:
(1) Plainly, ifD is a graded central division algebra over a graded field F , thenD0 is simple. If deg(D) is even, then there is an
involution of the first kind τ on q(D)h. Clearly, τ induces a graded involution of the first kind τ ′ on G(q(D)h). By identification
of G(q(D)h)with D, we can consider τ ′ as a graded involution of the first kind on D, and obviously qh(τ ′) is an involution of
the first kind on q(D)h strongly compatible with vh, where v is the canonical valuation of q(D) associated with the graded
structure of D.
(2) Let F be a graded field and C a central simple algebra over F0; then it is clear thatwe can endow the algebraA := C⊗F0 F
with a graded structure extending the graded structure of F and for which all nonzero elements of C are homogeneous
elements with grade 0. In this case, clearly A0 (=C) is simple and ΓA = ΓF .
(3)We can construct graded central simple algebras B over a graded field F with B0 simple and ΓB ≠ ΓF in the following
way: Let A be a graded central simple algebra over F with A0 simple and ΓA = ΓF , and let T be a nontrivial totally ramified
graded division algebra over F . Let B = A ⊗F T ; then clearly ΓB = ΓT , and moreover since A0 is simple and ΓA = ΓF , then
by the above (i.e., by (2.3)) [A : F ] = [A0 : F0]. So, [B : F ] = [A : F ][T : F ] = [A0 : F0](ΓT : ΓF ) = [A0 : F0](ΓB : ΓF ). We
have also by [8, (1.8), p.79], [B : F ] ≥ [B0 : F0](ΓB : ΓF ), so [A0 : F0] ≥ [B0 : F0]; therefore A0 = B0 (because A0 ⊆ B0 and
[A0 : F0] ≥ [B0 : F0]).
(4)More generally, let F be a graded field, and A and B be two graded central simple algebras over F with A0 and B0 simple
andwithΓA∩ΓB = ΓF .We haveΓA⊗F B = ΓA+ΓB; henceΓA⊗F B/ΓF = ΓA/ΓF ⊕ ΓB/ΓF . So (ΓA⊗F B : ΓF ) = (ΓA : ΓF )(ΓB : ΓF ).
Therefore [A ⊗F B : F ] = [A : F ][B : F ] = [A0 : F0](ΓA : ΓF )[B0 : F0](ΓB : ΓF ) = [A0 : F0][B0 : F0](ΓA : ΓF )(ΓB : ΓF ) =
[A0 ⊗F0 B0 : F0](ΓA⊗F B : ΓF ). On the other hand, we have by [8, (1.8), p. 79] [A ⊗F B : F ] ≥ [(A ⊗F B)0 : F0](ΓA⊗F B : ΓF ).
Hence, [A0 ⊗F0 B0 : F0] ≥ [(A ⊗F B)0 : F0]. In particular, if A0 and B0 are central over F0, then A0 ⊗F0 B0 is a central simple
algebra over F0 and we have (A⊗F B)0 = A0 ⊗F0 B0.
Now, let F be a graded field and A a graded central simple algebra over F with A0 simple. We have seen above that
if D is a graded central division algebra over F Brauer-equivalent to A, then θA = θD and A0 is Brauer-equivalent to D0,
and hence Z(A0) = Z(D0). We have also seen in the preliminaries that Z(D0) is an abelian field extension of F0, so by [7,
Remark 3.1] the inertial graded field extension Z(D0)F of F is an abelian Galois graded field extension of F with Galois
group isomorphic to Gal(Z(D0)/F0). We aim here to show that there is a graded factor set (ω, f ) of ΓA/ΓF in A0F such that
A = (A0F ,ΓA/ΓF , (ω, f )). For this, consider the action of ΓA/ΓF on Z(A0)F defined for all γ¯ ∈ ΓA/ΓF and a ∈ Z(A0)F by
γ¯ (a) = xγ¯ ax−1γ¯ , where xγ¯ is an arbitrary nonzero homogeneous element of D such that gr(xγ¯ ) + ΓF = γ¯ (use here the
fact that ΓA = ΓD for the choice of xγ¯ ). Fix nonzero homogeneous elements zγ¯ of D with gr(zγ¯ ) + ΓF = γ¯ . Then, clearly
A = ⊕γ¯∈ΓA/ΓF A0Fzγ¯ . Consider now the following maps:
ω : ΓA/ΓF → Aut(A0F)0
and
f : ΓA/ΓF × ΓA/ΓF → (A0F)∗
which are defined respectively by ωγ¯ (a) = zγ¯ az−1γ¯ and f (γ¯ , δ¯) = zγ¯ zδ¯z−1γ¯+δ¯ . One can easily see that (ω, f ) is a graded factor
set of ΓA/ΓF in A0F . Thus, A = ⊕γ¯∈ΓA/ΓF A0Fzγ¯ ∼= (A0F ,ΓA/ΓF , (ω, f )). We have then proved the following lemma:
Lemma 2.4. Let F be a graded field and A a graded central simple algebra over F such that A0 is simple; then there is a graded
factor set (ω, f ) of ΓA/ΓF in A0F such that, up to a graded algebra isomorphism, A = (A0F ,ΓA/ΓF , (ω, f )).
Remarks 2.5. (1) A particular case occurswhen A is inertially split (i.e., when there is a graded field extension K of F which is
inertial over F and which splits A). In this case θA is a group isomorphism. Indeed, as above let D be a graded central division
algebra over F Brauer-equivalent to A. Then q(D)h is inertially split; hence by [9, Lemma 5.1] θq(D)h is a group isomorphism.
One can easily see that θD = θq(D)h ; hence θA (=θD) is a group isomorphism. In this case, we can identify ΓA/ΓF with
G := Gal(Z(A0)/F0) and we can consider (ω, f ) as a graded factor set of G in A0F .
(2) We recall that the author gave in [11] necessary and sufficient conditions for the existence of Kummer subfields in an
arbitrary central division algebra D over a Henselian valued field when the residue characteristic does not divide deg(D). A
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main tool that we used in [11] was the fact that GD can be written as a generalized graded crossed product. The reader can
see that using Lemma 2.4 we can prove many results of [11] in the more general context of a graded central simple algebra
A with simple 0-component A0. Indeed, if we denote also by ω the map ΓA/ΓF → Aut(A0), which with every γ¯ ∈ ΓA/ΓF
associates the map defined by a → ωγ¯ (a) (for any a ∈ A0), then in the same way as in [11, Lemma 1.7], we prove that
f = dh, where (ω, d) is a factor set of ΓA/ΓF in A0 and h is a symmetric 2-cocycle of Z2(ΓA/ΓF , F∗). Using this decomposition
of f , one can easily see that many results concerning Kummer graded subfields in [11] can be shown in the same way for
A when char(F) does not divide deg(A). This gives conditions for the existence of Kummer subfields in any central simple
algebra B over a Henselian valued field E when char(E) does not divide deg(B) and B has a simple residue algebra.
We recall that if A is a graded central simple algebra of degree r over a graded field F , then by [2, Proposition 1.15], A is an
Azumaya algebra (of constant rank r2) over F , so there is a commutative ring S faithfully flat over F such that A⊗F S ∼= Mr(S)
(we can choose S to be any splitting graded field of A). For a ∈ A, considering a ⊗ 1 as an element of Mr(S), one can then
define the reduced characteristic polynomial, the reduced trace and the reduced norm of a, by
charA(X, a) = det(X − (a⊗ 1)) = X r − TrdA(a)X r−1 + · · · + (−1)rNrdA(a)
(see [6, Section 3, p. 7]).
Lemma 2.6. Let F be a graded field and A a graded central simple algebra over F . Then we have the following assertions:
(1) For any a ∈ A, we have NrdA(a) = Nrdq(A)(a⊗ 1), where q(A) = A⊗F q(F).
(2) If A0 is simple, then for any a ∈ A0, we have NrdA0F (a) = NrdA0(a).
(3) If K is a graded subfield of A and a ∈ K , then NrdA(a) = NK/F (a)deg(A)/[K :F ].
(4) Let E be a graded subfield of F with [F : E] finite, B be a graded central simple algebra over E and g : A → B be a graded
E-algebra homomorphism; then for any element a ∈ A, we have NrdB(g(a)) = NF/E(NrdA(a))s, where s = deg(B)/[F :
E]deg(A).
Proof. Plainly, the reduced characteristic polynomial (defined above) is compatible with scalar extension. Hence, for any
a ∈ A, NrdA(a) = Nrdq(A)(a⊗ 1). Also, for the same reason, if A0 is simple, then for any a ∈ A0, by identification of A0F with
A0 ⊗F0 F , we have NrdA0F (a) = NrdA0(a). This proves (1) and (2).
(3) Let K be a graded subfield of A and let a ∈ K ; then by (1) above, NrdA(a) = Nrdq(A)(a ⊗ 1). Moreover, by [12,
Proposition a, p. 297] we have Nrdq(A)(a ⊗ 1) = Nq(K)/q(F)(a ⊗ 1)deg(q(A))/[q(K):q(F)]; furthermore, in the same way as in (1)
above, we have Nq(K)/q(F)(a ⊗ 1) = NK/F (a), and hence NrdA(a) = NK/F (a)deg(A)/[K :F ] (because deg(q(A)) = deg(A) and
[q(K) : q(F)] = [K : F ]).
(4) Plainly, g ⊗ idq(E) : q(A)→ q(B) is a q(E)-algebra homomorphism (here we identify q(A)with A⊗E q(E)), and hence
by [12, Proposition, p. 304] Nrdq(B)(g(a)⊗1) = Nq(F)/q(E)(Nrdq(A)(a⊗1))s, where s = deg(q(B))/[q(F) : q(E)]deg(q(A)). We
have [q(F) : q(E)] = [F : E], deg(q(A)) = deg(A), and deg(q(B)) = deg(B), and hence s = deg(B)/[F : E]deg(A). Therefore,
NrdB(g(a)) = Nrdq(B)(g(a)⊗ 1) = Nq(F)/q(E)(Nrdq(A)(a⊗ 1))s = Nq(F)/q(E)(NrdA(a))s = NF/E(NrdA(a))s. 
Let F be a graded field, and A be a graded central simple algebra over F such that A0 is a non-split simple algebra (i.e., a
simple algebra with a nontrivial Brauer class in Br(Z(A0))). Suppose that A has a graded involution of the first kind σ such
that σ|A0 is also of the first kind. Then, deg(A0) is even, since otherwise A0 would be split. Hence, by [10, Corollary 2.8, p. 18],
Alt(A0, σ|A0) contains invertible elements. Obviously, we have Alt(A0, σ|A0) ⊆ Alt(A, σ ). As in the ungraded case, we
define the discriminant of σ to be1 disc(σ ) = (−1) 12 deg(A)NrdA(a)F∗2, where a is an arbitrary invertible homogeneous
element of Alt(A, σ ). Note that this definition is independent of the choice of the element a; indeed if b is another
invertible homogeneous element of Alt(A, σ ), then a and b are both invertible elements of Alt(q(A), q(σ )), and hence by
[10, Proposition 7.1, p. 81] Nrdq(A)(a) ≡ Nrdq(A)(b)mod q(F)∗2, so Nrdq(A)(ab−1) ∈ q(F)∗2, and therefore NrdA(ab−1) =
Nrdq(A)(ab−1) ∈ q(F)∗2 ∩ F∗. We claim that q(F)∗2 ∩ F∗ = F∗2. Indeed, it is clear that F∗2 ⊆ q(F)∗2 ∩ F∗. Conversely, let
a ∈ q(F)∗2 ∩ F∗; then there is x ∈ q(F) such that x2 = a. Since F is integrally closed (see [7, Corollary 1.3]), then x ∈ F , and
so a ∈ F∗2. It follows that (−1) 12 deg(A)NrdA(a) ≡ (−1) 12 deg(A)NrdA(b)mod F∗2.
(2.7) As a direct consequence of Lemma 2.6, we have the following. Let F be a graded field and A be a graded central
simple algebra over F . Suppose that there is an orthogonal graded involution σ on A and suppose that Alt(A, σ ) ∩ A∗ is
nonempty; then disc(q(σ )) = j(disc(σ )), where j : F∗/F∗2 → q(F)∗/q(F)∗2 is the canonical homomorphism induced by
the inclusion F∗ ⊆ q(F)∗. Indeed, let a ∈ Alt(A, σ ) ∩ A∗; then a ⊗ 1 ∈ Alt(q(A), q(σ )) ∩ q(A)∗, and hence disc(q(σ )) =
(−1) 12 deg(q(A))Nrdq(A)(a⊗ 1)q(F)∗2 = (−1) 12 deg(A)NrdA(a)q(F)∗2 = j(disc(σ )).
Now, let E be a field of characteristic different from 2, A be a central simple algebra over E, and B be a simple subalgebra
of A. Suppose that A and B have involutions σ and τ respectively which have the same restriction to E. We recall that by
[10, Theorem 4.14, p. 51], A has an involutionµwhose restriction to B is τ ; moreover if σ and τ are both of the first kind and
the centralizer CA(B) of B in A has odd degree, then every such extension µ of τ has the same type as τ . As an application of
these facts, we have the following proposition:
1 In defining disc(σ ) we follow the definition of [10] (see [10, Definition 7.2, p. 81]) which considers the signed discriminant, whereas the authors in
[4, p. 57] consider the non-signed discriminant.
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Proposition 2.8. Let F be a graded field of characteristic different from 2, and A be an inertially split graded central simple algebra
over F such that A0 is simple. Suppose that there is a graded involution of the first kind σ on A such that σ|A0 is also of the first
kind; then σ and σ|A0 have the same type.
Proof. If we identify A0F with A0 ⊗F0 F and σ|A0F with σ|A0 ⊗ idF , then clearly Sym(A0, σ|A0) ⊗F0 F ⊆ Sym(A0F , σ|A0F ).
Conversely, any symmetric nonzero homogeneous element of A0F for σ|A0F can be written in the form af , where a ∈
Sym(A0, σ|A0) and f ∈ F∗; hence Sym(A0F , σ|A0F ) ⊆ Sym(A0, σ|A0) ⊗F0 F . So Sym(A0F , σ|A0F ) = Sym(A0, σ|A0) ⊗F0 F .
Moreover, we have deg(A0F) = deg(A0), so σ|A0F and σ|A0 have the same type. Also, by definition q(σ ) and σ [resp., q(σ|A0F )
and σ|A0F ] have the same type. Therefore, it will be sufficient to show that q(σ ) and q(σ|A0F ) have the same type. Let Z be the
center of A0F (which is also the center of D0F ), and let G be the abelian Galois group of Z/F (which is also the Galois group
of Z(A0)/F0, up to a group isomorphism). We have seen in Remark 2.5(1) that there exists a graded factor set (ω, f ) of G in
A0F such that A = (A0F ,G, (ω, f )). It follows by Proposition 1.3 and the graded version of the double-centralizer theorem
(see [8, Proposition 1.5, p. 82]) that CA(A0F) = Z; hence deg(CA(A0F)) = 1. Let q(A0F) := A0F ⊗F q(F)(∼= A0F ⊗Z q(Z)); then
up to an algebra isomorphism, we have Cq(A)(q(A0F)) = q(CA(A0F)). Indeed, if we identify CA(A0F)with its canonical image
in q(A), then clearly CA(A0F) ⊆ Cq(A)(q(A0F)), and hence CA(A0F)⊗F q(F) ⊆ Cq(A)(q(A0F)), which means that q(CA(A0F)) ⊆
Cq(A)(q(A0F)). Moreover, by the double-centralizer theorem (and its graded version), q(CA(A0F)) and Cq(A)(q(A0F)) have the
same dimension over q(F), and hence Cq(A)(q(A0F)) = q(CA(A0F)). So, deg(Cq(A)(q(A0F))) = 1. Obviously, q(σ ) extends
q(σ|A0F ) and both q(σ ) and q(σ|A0F ) are of the first kind, so by the above (i.e. by [10, Theorem 4.14, p. 51]), q(σ ) and q(σ|A0F )
have the same type. 
Hypotheses 2.9. Throughout the rest of this work, except where otherwise mentioned, we assume that F is a graded field
of characteristic different from 2, and A is a graded central simple algebra over F with a graded involution of the first kind
σ , and we assume that A0 is simple.
Proposition 2.10. Assume that we have Hypothesis 2.9 holding, that σ is of orthogonal type, that σ|A0 is of the first kind and that
deg(A0) is even; then we have the following statements:
(1) If A is not inertially split, then disc(σ ) = 1.
(2) If A is inertially split, then σ|A0 is also of orthogonal type and we have
disc(σ ) = i(NZ(A0)/F0(disc(σ|A0))),
where i : F∗0 /F∗20 → F∗/F∗2 is the group homomorphism induced by the inclusion F∗0 ⊆ F∗.
Proof. Let D be a graded central division algebra over F Brauer-equivalent to A. We have seen in (2.3) that [A : F ] = [A0 :
F0](ΓA : ΓF ), ΓA = ΓD, A0 is Brauer-equivalent to D0 and θA = θD. We have also seen in the preliminaries that q(D)h
is tame over q(F)h and that Z(A0) (=Z(D0)) is an abelian field extension of F0, so (ΓA : ΓF ) = (ΓD : ΓF ) = [Z(D0) :
F0]|ker(θD)| = [Z(A0) : F0]|ker(θA)|, and hence [A : F ] = [A0 : F0](ΓA : ΓF ) = [A0 : Z(A0)][Z(A0) : F0]2|ker(θA)|. Therefore,
deg(A) = deg(A0)[Z(A0) : F0]r , where r = |ker(θA)|1/2. Since deg(A0) is even, then by [10, Corollary 2.8, p. 18], Alt(A0, σ|A0)
contains invertible elements. Let a be such an invertible element; then a ∈ Alt(A, σ )∩A∗. Therefore, by using Lemma 2.6(4),
we have
disc(σ ) = (−1) 12 deg(A)NrdA(a)F∗2
= (−1) 12 deg(A)NZ(A0)F/F (NrdA0F (a))rF∗2.
If A is not inertially split, then neither is q(D)h (because as seen in the preliminaries, G(q(D)h) can be identified with D).
We claim that in this case r is necessarily even. Indeed, since deg(A0) is even, then deg(q(A)h) (=deg(A)) is even; moreover
qh(σ ) is an involution of the first kind on q(A)h and q(D)h is Brauer-equivalent to q(A)h, so by [10, Corollary 2.8(2), p. 18],
deg(q(D)h) is a power of 2. Hence (ΓD : ΓF ) (=(Γq(D)h : Γq(F)h)) is a power of 2. Since q(D)h is not inertially split, then by
[9, Lemma 1.5(iii)], θD (=θq(D)h) is not bijective (because q(D)h is defectless over q(F)h and Z(q(D)h) (=Z(D0)) is separable
over q(F)h (=F0)). By [9, Lemma 1.7], θD is surjective, so ker(θD) is nontrivial. Therefore, r is a nontrivial power of 2 (because
r divides (ΓD : ΓF ) and r ≠ 1). It follows that NZ(A0)F/F (NrdA0F (a))r ∈ F∗2. Moreover, since both deg(A0) and r are even and
deg(A) = deg(A0)[Z(A0) : F0]r , then 12deg(A) is even, so disc(σ ) = 1.
If A is inertially split, then by Proposition 2.8 σ|A0 is orthogonal (because σ is assumed to be orthogonal). Moreover, in
this case by [9, Lemma 5.1(iii)]—applied to q(D)h—r = 1, so by the above and using Lemma 2.6(2), we have
disc(σ ) = (−1) 12 deg(A)NZ(A0)F/F (NrdA0F (a))F∗2
= (−1) 12 deg(A)NZ(A0)/F0(NrdA0(a))F∗2
= (−1) 12 deg(A0)[Z(A0):F0]NZ(A0)/F0(NrdA0(a))F∗2
= NZ(A0)/F0((−1)
1
2 deg(A0)NrdA0(a))F
∗2
= i(NZ(A0)/F0(disc(σ|A0))
(where NZ(A0)/F0(disc(σ|A0)) denotes NZ(A0)/F0((−1)
1
2 deg(A0)NrdA0(a))F0
∗2). 
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Consider Hypothesis 2.9 to hold and let D be a graded central division algebra over F Brauer-equivalent to A. Since A0 is
Brauer-equivalent toD0 (see (2.3)), then Z(A0) = Z(D0), so Z(A0)/F0 is an abelian field extension. Note that by [9, Proposition
1.7] exp(Gal(Z(A0)/F0)) (=exp(Gal(Z(D0)/F0)) = exp(Gal(Z(q(D)h)/q(F)h)) divides exp(ΓA/ΓF ) (=exp(Γq(D)h/Γq(F)h)) and
by [9, Corollary 6.10] exp(Γq(D)h/Γq(F)h) divides exp(q(D)
h); moreover exp(q(D)h) = exp(q(A)h) divides 2 (because qh(σ )
is an involution of the first kind on q(A)h), so Gal(Z(A0)/F0) is an elementary abelian group. More precisely, if Z(A0) ≠ F0,
then Gal(Z(A0)/F0) has exponent 2. Obviously, this is also true if char(F) = 2.
Proposition 2.11. Assume that we have Hypothesis 2.9 holding, that σ is of orthogonal type and that σ|A0 is of the second kind.
If deg(A0) is even or ind(A) > 2, then disc(σ ) = 1.
Proof. Since σ is of the first kind and σ|A0 is of the second kind, then necessarily Z(A0) ≠ F0, so by the last paragraph
above Gal(Z(A0)/F0) is an elementary abelian group of exponent 2; therefore there is a nonzero element x of Z(A0) such that
σ(x) = −x and x2 ∈ F0. We have [F [x] : F ] = [F0(x) : F0] = 2, so by Lemma 2.6(3) NrdA(x) = (NF [x]/F (x)) 12 deg(A). Therefore,
disc(σ ) = (−1) 12 deg(A)NF [x]/F (x) 12 deg(A)F∗2. It suffices then to show that 12deg(A) is even.
Suppose that deg(A0) is even. As seen in the proof of Proposition 2.10, we have deg(A) = deg(A0)[Z(A0) : F0]r , where
r = |ker(θA)| 12 , so 12deg(A) is even (because both deg(A0) and [Z(A0) : F0] are even).
The same is true when ind(A) > 2. Indeed, in this case A (and hence q(A)) is not split and q(σ ) is an involution
of the first kind on q(A), so by [10, Corollary 2.8, p. 18] ind(q(A)) is a power of 2, and hence a multiple of 4 because
ind(q(A)) = ind(A) > 2. Thus 12 ind(A) (and hence 12deg(A)) is even. 
Now, in the following three results, we consider the case where F has characteristic 2. We recall first the following result
from [10]:
Let E be a field of characteristic 2, A be a central simple algebra over E, and B be a simple subalgebra of A. Suppose that
A and B have involutions σ and τ respectively, which have the same restriction to E. We recall that by [10, Theorem 4.14,
p. 51] A has an involution µ whose restriction to B is τ . If τ is of symplectic or unitary type, then µ is symplectic. If τ is of
orthogonal type and the center of B is a separable extension of E and the centralizer CA(B) of B in A has odd degree, then µ
is orthogonal. As an application of this result, we have the following lemma.
Lemma 2.12. Let F be a graded field of characteristic 2 and A a graded central simple algebra over F such that A0 is simple.
Suppose that there exists a graded involution of the first kind σ on A such that σ|A0 is also of the first kind. If σ is of orthogonal
type, then so is σ|A0 . If in addition A is inertially split, then the converse also holds.
Proof. Suppose that σ|A0 is symplectic; then τ := σ|A0 ⊗ idq(F) is also a symplectic involution on A0⊗F0 q(F). Obviously, we
can identify A0 ⊗F0 q(F) with A0F ⊗F q(F) and τ with σ|A0F ⊗ idq(F), and it is clear that q(σ ) (=σ ⊗ idq(F)) is an involution
of the first kind on q(A)which extends σ|A0F ⊗ idq(F), so by the above (i.e., [10, Theorem 4.14, p. 51]) q(σ ) is also symplectic.
Therefore by definition, σ is symplectic. This proves the first part of our lemma.
Now, assume that A is inertially split. Then, as in the proof of Proposition 2.8 there is a graded factor set (ω, f ) of
G := Gal(Z(A0)/F0) in A0F such that A = (A0F ,G, (ω, f )) (note that this part in the proof of Proposition 2.8 does
not require us to have char(F) ≠ 2), so by Proposition 1.3 and the graded version of the double-centralizer theorem
(see [8, Proposition 1.5, p. 82]), CA(A0F) equals the center Z(A0F) of A0F , and hence deg(Cq(A)(q(A0F))) = 1 (because
Cq(A)(q(A0F)) = q(CA(A0F)), up to an algebra isomorphism). Note that Z(A0) (=Z(D0)) is separable over F0 (because q(D)h is
tame over q(F)h), so by [7, Remark 3.1] the inertial graded field extension Z(A0)F is tame over F , and hence by [7, Theorem
3.11] Z(q(A0F)) (=q(Z(A0)F)) is separable over q(F). Suppose that σ|A0 is orthogonal; then the involution τ =: σ|A0 ⊗ idq(F)
on A0 ⊗F0 q(F) is also orthogonal, and by identification of A0 ⊗F0 q(F) with A0F ⊗F q(F), τ is identified with σ|A0F ⊗ idq(F);
hence σ|A0F ⊗ idq(F) is orthogonal. Now, since q(σ ) is an involution of the first kind on q(A) which extends σ|A0F ⊗ idq(F)
and since as seen above Z(q(A0F)) is separable over q(F) and deg(Cq(A)(q(A0F))) = 1, then by the last paragraph before this
lemma (i.e., by [10, Theorem 4.14, p. 51]), q(σ ) is also orthogonal, and hence by definition σ is orthogonal. 
We have then the following proposition which is analogous to Proposition 2.10 in characteristic 2, but with some small
differences in the hypotheses.
Proposition 2.13. Let F be a graded field of characteristic 2 and A a graded central simple algebra over F such that A0 is simple
and deg(A0) is even. Suppose that there exists a graded involution of the first kind σ on A such that σ|A0 is also of the first kind. If
σ is of orthogonal type, then σ|A0 is also of orthogonal type and we have the following statements:
(1) If A is not inertially split, then disc(σ ) = 1.
(2) If A is inertially split, then
disc(σ ) = i(NZ(A0)/F0(disc(σ|A0))),
where i : F∗0 /F∗20 → F∗/F∗2 is the group homomorphism induced by the inclusion F∗0 ⊆ F∗.
Proof. If σ is of orthogonal type, then by Lemma 2.12 σ|A0 is also of orthogonal type. The rest of the proof follows by using
the same arguments as in the proof of Proposition 2.10. 
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Proposition 2.14. Let F be a graded field of characteristic 2, and A be a graded central simple algebra over F with A0 simple and
suppose that there exists a graded involution of orthogonal type σ on A; then σ|A0 is necessarily of the first kind.
Proof. Suppose that σ|A0 is of the second kind; then Z(A0) ≠ F0, so as seen in the last paragraph before Proposition 2.11,
Z(A0)/F0 is an elementary abelian field extension of exponent 2. We can then consider an intermediate field K of Z(A0)/F0
of dimension 2 over F0 with Gal(K/F0) generated by the restriction σ|K of σ to K . So, there is an element x ∈ K such that
σ(x) = x+1 and K = F0(x). In particular, we have 1 (=−1) = x−σ(x), so 1 ∈ Alt(A0, σ|A0)(⊆ Alt(A, σ ) ⊆ Alt(q(A), q(σ ))).
It follows then by [10, Proposition 2.6, p. 16] that q(σ ) (and hence by definition σ ) is of symplectic type, a contradiction. 
As a consequence of all the previous results in this section, we have the following theorem:
Theorem 2.15. Let F be a graded field (of arbitrary characteristic), and A be a graded central simple algebra over F with A0
simple and deg(A0) even, and suppose that there exists a graded involution of orthogonal type σ on A; then we have the following
statements:
(1) If A is not inertially split, then disc(σ ) = 1.
(2) If A is inertially split, then we have the following two cases:
(2.1) If σ|A0 is of the second kind, then disc(σ ) = 1.
(2.2) If σ|A0 is of the first kind, then σ|A0 is of orthogonal type and we have
disc(σ ) = i(NZ(A0)/F0(disc(σ|A0)),
where i : F∗0 /F∗20 → F∗/F∗2 is the group homomorphism induced by the inclusion F∗0 ⊆ F∗.
Proof. (1) This follows by Propositions 2.10, 2.11, 2.13 and 2.14.
(2.1) This follows by Proposition 2.11, since by Proposition 2.14 char(F) is necessarily different from 2 in this case.
(2.2) This follows by Propositions 2.10 and 2.13. 
Proposition 2.16. Let F be a graded field, and A be a graded central division algebra over F with A0 a field and deg(A) > 2, and
suppose that there is a graded involution of orthogonal type σ on A. If x is a nonsymmetric homogeneous element of A such that
F0[σ(x)x−1] is different from A0; then disc(σ ) = NrdA(x)F∗2.
Proof. Since deg(q(A)) (=deg(A)) > 2 and q(σ ) is an involution of the first kind on q(A), then by [10, Corollary 2.8, p. 18],
deg(A) (=deg(q(A))) is a power of 2. We have σ(x) ≠ x, so a := x − σ(x) ∈ Alt(A, σ ) ∩ A∗. Let b := ax−1; then
b = 1 − σ(x)x−1, so F0[b] = F0[σ(x)x−1] ≠ A0, and hence F [b] ≠ A0F (because we have (F [b])0 = F0[b] = F0[σ(x)x−1],
(A0F)0 = A0 and by hypothesis F0[σ(x)x−1] ≠ A0). It follows by the graded version of the double-centralizer theorem (see
[8, Proposition 1.5]) that CA(F [b]) ≠ CA(A0F), so we can consider a nonzero homogeneous element y ∈ CA(F [b])\CA(A0F).
Let θA be the canonical group epimorphism associated with the graded division algebra A (see the preliminaries); then
θA(gr(y)+ΓF ) ∈ Gal(A0/F0) andmoreover since y ∈ CA(F [b])\CA(A0F), then θA(gr(y)+ΓF ) ≠ idA0 and θA(gr(y)+ΓF )(b) = b.
Let E be the subfield of A0 elementwise invariant under θA(gr(y) + ΓF ); then E ≠ A0 (because θA(gr(y) + ΓF ) ≠ idA0 ). We
have [A : F ] = [A0 : F0](ΓA : ΓF ), and hence [A0 : F0] is a power of 2. Therefore, [A0 : E] is a (nontrivial) power of 2 (because
it divides [A0 : F0] which is a power of 2 and E ≠ A0). So, NA0/F0(b) = NE/F0(NA0/E(b)) = NE/F0(b[A0:E]) ∈ F∗20 . We have
NrdA(a) = NrdA(b)NrdA(x) = NA0/F0(b)
deg(A)
[A0 :F0]NrdA(x). Therefore, disc(σ ) = (−1) 12 deg(A)NrdA(a)F∗2 = NrdA(x)F∗2. 
Corollary 2.17. Under the hypotheses of Proposition 2.16 if there are x, y ∈ A∗ such that σ(x) ≠ x, σ(y) ≠ y, σ(xy) ≠ xy, and
if all the fields F0[σ(x)x−1], F0[σ(y)y−1] and F0[σ(xy)(xy)−1] are different from A0, then disc(σ ) = 1.
Proof. Indeed, by the above we have disc(σ ) = NrdA(x)F∗2 = NrdA(y)F∗2 = NrdA(xy)F∗2 = NrdA(x)F∗2NrdA(y)F∗2 =
NrdA(x)2F∗2 = 1. 
Corollary 2.18. Let F be a graded field (of arbitrary characteristic), v be the canonical valuation of q(F), (q(F)h, vh) be a
Henselization of (q(F), v), B be a tame central simple algebra over q(F)h, A be a graded central simple algebra over F such that B =
q(A)h (see Proposition 1.10), α be the canonical tame q(F)-gauge of q(A) (see Definition 1.5), i : F∗/F∗2 → (q(F)h)∗/(q(F)h)∗2
be the group homomorphism induced by the inclusion F∗ ⊆ (q(F)h)∗ [resp., j : F∗0 /F∗20 → (q(F)h)∗/(q(F)h)∗2 be the group
homomorphism induced by the inclusion F∗0 ⊆ (q(F)h)∗], and suppose that there is an involution of orthogonal type τ on B
which is strongly compatible with the tame q(F)h-gauge α ⊗ vh of q(A)h (i.e., such that there is a graded involution σ on A, with
τ = qh(σ )). If A0 is simple and deg(A0) is even [resp., A0 is a field and deg(A) > 2], then we have the following statements:
(1) If B is not inertially split, then disc(τ ) = 1.
(2) If B is inertially split, then we have the following assertions:
(2.1) If σ|A0 is of the second kind, then disc(τ ) = 1.
(2.2) If σ|A0 is of the first kind and σ|A0 ≠ idA0 (i.e., σ|A0 is of the first kind and deg(A0) is even), then disc(τ ) =
j(NZ(A0)/F0(disc(σ|A0))).
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(2.3) If char(F) ≠ 2, σ|A0 = idA0 and deg(A) > 2, then B is a division algebra and if we denote byw the unique extension of
vh to B, then disc(τ ) = j(NA0/F0(a)) for any a ∈ A0 (=B) such that there are x, y ∈ B∗ with τ(x) = x, τ(y) = y, w(x)
andw(y) being independent over F2 in ΓB/ΓE and xyx−1y−1 = θB(w(xy))(a)a−1.
If char(F) is arbitrary, σ|A0 = idA0 , deg(A) > 2, and if there is a nonsymmetric homogeneous element x of A such
that F0[σ(x)x−1] is different from A0, then disc(τ ) = i(NrdA(x)F∗2).
Proof. We have B = q(A)h; hence B is inertially split if and only if A is. Clearly Alt(A, σ ) ∩ A∗ ⊆ Alt(B, τ ) ∩ B∗. Therefore,
if a ∈ Alt(A, σ ) ∩ A∗, then disc(τ ) = (−1) 12 deg(B)NrdB(a)(q(F)h)∗2 = (−1) 12 deg(A)NrdA(a)(q(F)h)∗2 = i(disc(σ )), where
i : F∗/F∗2 → (q(F)h)∗/(q(F)h)∗2 is the group homomorphism induced by the inclusion F∗ ⊆ (q(F)h)∗. If deg(A0) is even,
then the assertions (1), (2.1) and (2.2) follow by Theorem 2.15.
Now, if A0 is a field, then A is necessarily a graded division algebra. Indeed, let D be a graded central division algebra over
F Brauer-equivalent to A. Since A0 is Brauer-equivalent to D0 and A0 is a field, then A0 = D0. Moreover, we have ΓA = ΓD,
so for any γ ∈ ΓA, we can choose an element dγ ∈ D∗γ . Thus A = ⊕γ∈ΓAA0dγ = ⊕γ∈ΓDD0dγ = D. Therefore, B is a division
algebra and the assertions (1), (2.1) and the first assertion in (2.3) follow by [4, Theorem 4, p. 69] if char(F) ≠ 2. Note that
(2.1) (for any characteristic) follows also by Propositions 2.11 and 2.14, and that (2.2) does not occur in this case because
A0 is a field. Note also that if A is not inertially split, then necessarily char(F) ≠ 2. Indeed, since deg(B) (=deg(A)) > 2,
then by [10, Corollary 2.8, p. 18], deg(B) is a power of 2, so if char(F) = 2, B (=q(A)h) would be a tame 2-algebra over
q(F)h, and hence B (and then A) would be inertially split, a contradiction. Finally, the last statement in (2.3) follows by
Proposition 2.16. 
Remark 2.19. Let (E, v) be a Henselian valued field and B a central division algebra over E. If exp(B) = 2, then B has an
involution of the first kind and by [10, Corollary 2.8, p. 18] deg(B) is a power of 2. If B is in addition defectless over E, then
[B : E] (and hence deg(B)) is a power of 2. So, either B is a field or deg(B) is even. In particular, this holds if B is a (nontrivial)
tame central division algebra over Ewith an involution of the first kind. This shows that Corollary 2.18 does indeed generalize
[4, Theorem 4, p. 69] (for the case where the base field is E = q(F)h and the involution is strongly compatible with α ⊗ vh).
Let A be a graded central division algebra over a graded field F with deg(A) > 2 and suppose that there is a graded
involution of orthogonal type σ on A. Obviously, we have σ|A ≠ idA (because A is not a graded field), so we can consider a
nonsymmetric homogeneous element x of A (for σ ). Let z := x − σ(x); then z is an element of Alt(A, σ ) ∩ A∗, and so by
definition disc(σ ) = (−1) 12 deg(A)NrdA(z)F∗2. As previously seen, by applying [10, Corollary 2.8, p. 18] on q(A), we deduce
that deg(A) is a power of 2, and hence 12deg(A) is even (because deg(A) > 2). Therefore, disc(σ ) = NrdA(z)F∗2. We have
then the following proposition.
Proposition 2.20. Let F be a graded field, and A be a graded central division algebra with deg(A) > 2 and suppose that there is
a graded involution of orthogonal type σ on A. If there is a graded subfield K of A invariant under σ with [K : F ] < deg(A) and
σ|K ≠ idK , then disc(σ ) = 1.
Proof. Indeed, it suffices to choose a nonsymmetric homogeneous element x of K (for σ ) and let z = x− σ(x); then by the
above, disc(σ ) = NrdA(z)F∗2. We have NrdA(z) = NF [z]/F (z)
deg(A)
[F [z]:F ] and deg(A)[F [z]:F ] is even (because deg(A) is a power of 2 and[F [z] : F ] ≤ [K : F ] < deg(A)), so disc(σ ) = 1. 
Corollary 2.21. Let F be a graded field of characteristic different from 2, and A be a graded central division algebra over F with
deg(A) > 2 and suppose that there is a graded involution of orthogonal type σ on A. Let x ∈ Alt(A, σ ) ∩ A∗ and suppose that
deg(CA(F [x]) > 1; then disc(σ ) = 1.
Proof. Since x ∈ Alt(A, σ )∩A∗, then K := F [x] is a graded subfield of A invariant under σ with σ|K ≠ idK . Let y be a nonzero
homogeneous element of CA(F [x])\F [x]; then F [x, y] is a graded subfield of A and F [x] ⊂ F [x, y], so K is not a maximal
graded subfield of A. It follows by Proposition 2.20 that disc(σ ) = 1. 
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